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Abstract
In l2, we investigate the existence of an exponential attractor for the solution semigroup of a first-order lattice dynamical system
acting on a closed bounded positively invariant set which needs not to be compact since l2 is infinite dimensional. Up to our
knowledge, this is the first time to examine the existence of exponential attractors for lattice dynamical systems.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Lattice dynamical systems (LDSs) are infinite systems of ordinary differential equations or of difference equations,
indexed by points in a lattice, such as the k-dimensional integer lattice Zk , cf. [9]. LDSs form a class of extended
systems that is intermediate between partial differential equations and cellular automata and they also form a class
of models of extended media in which the relations between temporal evolution and spatial translation play a central
role. In each case, they have their own form, but in some cases, they appear as spatial discretizations of continuous
partial differential equations.
LDSs arise in various fields of applications in science and engineering, for instance, in propagation of nerve pulses
in myelinated axons [4,5,24,25], electrical engineering [8], pattern recognition [10,12,26], image processing [13–15],
chemical reaction theory [21,23], etc. The traveling solutions for LDSs have been examined by [3,6,11,21,30] and the
chaotic properties or pattern formation properties of solutions for LDSs have been investigated by [10,12,26].
Exponential Attractors are “realistic” objects intermediate between the two “ideal” objects which are the Global
Attractors and the Inertial Manifolds. All of them describe the longtime behavior of dynamical systems.
A. Eden et al. [18] introduced the notion of exponential attractors (inertial sets) in Hilbert spaces where a compact
positively invariant absorbing set is available. They defined an exponential attractor for a continuous map S acting on
a compact positively invariant set B as a compact, finite fractal dimensional positively invariant subset M of B that
contains the global attractor A, which is the ω-limit set of B , and attracts all points of B at an exponential rate. In
Hilbert spaces, a more comprehensive set of references have been presented in [19], where the existence of exponential
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methods were examined, that work in a Banach space setting.
An improvement in the original construction of exponential attractors has been carefully studied by A. Eden
et al. [17], the authors proved that in a separable Hilbert space when the solution semigroup is α-contractive and
satisfies the discrete squeezing property, then even when the positively invariant set on which the semigroup acts is
not compact, the original constructions of exponential attractors carry through.
Many researchers studied the existence and upper semicontinuity of global attractors for first- and second-order
LDSs, cf. [1,2,7,27–29]. Within this work we shall study the existence of an exponential attractor in l2 for the solution
semigroup of a first-order LDS acting on a closed bounded positively invariant set which needs not to be compact
since l2 is infinite dimensional. Therefore we shall apply the theory introduced by A. Eden et al. [17].
Up to our knowledge, this is the first time to investigate the existence of exponential attractors for LDSs.
2. Preliminaries
For any positive integer k, consider the Hilbert space
l2 =
{
u = (ui)i∈Zk : i = (i1, i2, . . . , ik) ∈ Zk, ui ∈ R,
∑
i∈Zk
u2i < ∞
}
,
whose inner product and norm are given by
〈u,v〉 =
∑
i∈Zk
uivi, ‖u‖ = 〈u,u〉1/2, ∀u = (ui)i∈Zk , v = (vi)i∈Zk ∈ l2.
Consider the following first-order LDS:
u˙i + (Au)i + hi(ui) = gi, ∀i ∈ Zk, t > 0,
ui(0) = ui,0, ∀i ∈ Zk, (2.1)
which can be written in the abstract form
u˙+Au+ h(u) = g, t > 0,
u(0) = u0, (2.2)
where u = (ui)i∈Zk , Au = ((Au)i)i∈Zk , h(u) = (hi(ui)i)i∈Zk , g = (gi)i∈Zk .
Within this work we assume that:
(A1) g = (gi)i∈Zk ∈ l2.
(A2) A : l2 → l2 is a bounded linear operator of the following form
A = A1 +A2 + · · · +Ak, (2.3)
and there exist bounded linear operators Dj : l2 → l2 given by
(Dju)i =
m0∑
l=−m0
dj,luijl , ∀u = (ui)i∈Zk ∈ l2, j = 1,2, . . . , k,
where dj,l ∈ R, m0 is a positive integer, ij l = (i1, . . . , ij−1, ij + l, ij+1, . . . , ik) ∈ Zk , such that
Aj = D∗jDj = DjD∗j , ‖Dj‖O  c0, j = 1,2, . . . , k, (2.4)
where ‖.‖O denotes the norm of an operator in the set of linear operators from l2 into itself, c0  0 and D∗j is
the adjoint operator of Dj , that is,
(
D∗j u
)
i
=
m0∑
l=−m0
dj,−luijl , 〈Dju,v〉 =
〈
u,D∗j v
〉
, ∀u = (ui)i∈Zk , v ∈ l2, j = 1,2, . . . , k. (2.5)
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hi(0) = 0, ∀i ∈ Zk. (2.6)
(A4) There exist ε, I0, λ > 0 such that for ϕj = (ϕji)i∈Zk ∈ l2, j = 1,2, with∑
‖i‖m>I0
ϕ2ji  ε2,
we have
(
hi(ϕ1i )− hi(ϕ2i )
)
ψi  λψ2i −
k∑
j=1
(
(Djψ)i
)2
, ‖i‖m > I0, (2.7)
where ψi = ϕ1i − ϕ2i and
‖i‖m = max
0lk
|il |, ∀i = (i1, i2, . . . , ik) ∈ Zk.
(A5) There exists a unique global solution u(t) of (2.2) in l2 such that u ∈ C([0,∞), l2) ∩ C1((0,∞), l2). In such a
case, the maps
S(t) : u(0) → S(t)u(0) = u(t), t  0,
generate a continuous semigroup {S(t)}t0 on l2.
(A6) There exists a closed bounded positively invariant set B ⊂ l2, t1 > 0 and I1  I0 such that for each u(0) ∈ B,
the solution S(t)u(0) = u(t) = (ui(t))i∈Zk ∈ l2 of (2.2) satisfies∑
‖i‖m>I1
(
ui(t)
)2  ε2, ∀t  t1, (2.8)
where ε and I0 are given by (A4), and B is positively invariant means that
S(t)B ⊂ B, ∀t  0. (2.9)
We shall examine the existence of an exponential attractor for the solution semigroup {S(t)}t0 of (2.2) acting
on B. But first we need to show that assumptions (A1)–(A6) are reasonable. For instance, if we consider
hi(s) =
n∑
j=0
λij s
2j+1, ∀s ∈ R, i ∈ Zk,
where n ∈ N, and there exist λ0  λ0 > 0 such that λij ∈ [0, λ0], for j = 0, and λi0 = λi ∈ [λ0, λ0]. Then (A3)–(A4)
are satisfied.
Choosing fi(s) = hi(s)− λis =∑nj=1 λij s2j+1, the LDS (2.1) can be written as
u˙i + (Au)i + λiui + fi(ui) = gi, ∀i ∈ Zk, t > 0,
ui(0) = ui,0, ∀i ∈ Zk.
One can see that A,λi, fi and gi satisfy (6)–(13) of [28]. In such a case, following [28], we find that:
(i) Assumption (A5) is satisfied.
(ii) In l2, the closed bounded ball B0 = B0(0, r0), with center 0 and radius r0 > ‖g‖/λ0 is a closed bounded absorbing
ball for the solution semigroup {S(t)}t0 defined by (2.2). Therefore, there exists t0 = t0(B0) 0 such that
S(t)B0 ⊂ B0, ∀t  t0. (2.10)
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(ui(t))i∈Zk ∈ l2 of (2.2) satisfies∑
‖i‖m>I2
(
ui(t)
)2  η, ∀t  t2.
Recalling (2.10), if we choose B =⋃tt0 S(t)B0, then it is clear that B is a closed bounded positively invariant
set and B ⊂ B0. Using (iii), we obtain that (A6) is satisfied.
Here we present the definition of the squeezing property which plays the crucial role in the construction of expo-
nential attractors.
Definition 1. Let E be a separable Hilbert space, B ⊂ E, a map S : B → B is said to satisfy the (discrete) squeezing
property if there exists an orthogonal projection PN of rank N such that for every ϕ and ψ in B , if∥∥PN(Sϕ − Sψ)∥∥ ∥∥QN(Sϕ − Sψ)∥∥,
then
‖Sϕ − Sψ‖ 1
8
‖ϕ −ψ‖,
where QN = I − PN and I is the identity map on E.
Again since the closed bounded positively invariant set B needs not to be compact in l2, the following theorem
introduced by A. Eden et al. [17] will be helpful to complete our work.
Theorem 1. Let E be a separable Hilbert space, let B be a closed bounded subset of E, and let S be a Lipschitz
α-contraction on B that satisfies the discrete squeezing property on B , then S has an exponential attractor M on B
such that the fractal dimension of M , namely dF (M), is less than a constant multiple of N lnL and M attracts all
elements of B at a uniform exponential rate, where N is the rank of the orthogonal projection PN chosen as in the
definition of the discrete squeezing property and L is the Lipschitz constant.
3. Existence of exponential attractors
In l2, from now on, {S(t)}t0 is the solution semigroup defined by (2.2), B is a closed bounded positively invariant
set satisfying (A6).
Lemma 1. For T > 0, the map (t, u(0)) → S(t)u(0) is Lipschitz continuous from [0, T ] ×B into B.
Proof. Let u(0), v(0) ∈ B, S(t)u(0) = u(t) = (ui(t))i∈Zk , S(t)v(0) = v(t) = (vi(t))i∈Zk and y(t) = u(t) − v(t).
From (2.2), it follows that
y˙ +Ay + h(u)− h(v) = 0, ∀t > 0. (3.1)
Recalling (2.3)–(2.5), if we consider the inner product of (3.1) with y in l2, we get
1
2
d
dt
‖y‖2 +
k∑
j=1
‖Djy‖2 +
〈
h(u)− h(v), y〉= 0, ∀t > 0. (3.2)
By (A3) and (2.9), there exists K0 = K0(B) such that∣∣(hi(ui)− hi(vi))yi∣∣K0y2i , i ∈ Zk, t  0. (3.3)
In such a case, using (3.2)–(3.3), we obtain
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dt
‖y‖2 − 2K0‖y‖2  0, ∀t > 0,
d
dt
(
e−2K0t‖y‖2) 0, ∀t > 0.
If we integrate both sides of the last inequality over [0, t], where t  0, we find∥∥y(t)∥∥2  e2K0t∥∥y(0)∥∥2, ∀t  0, (3.4)
and for T > 0,∥∥y(t)∥∥2  e2K0T ∥∥y(0)∥∥2, ∀t ∈ [0, T ]. 
We define the orthogonal projection PN : l2 → l2 as follows:
∀ϕ = (ϕi)i∈Zk ∈ l2, (PNϕ)i =
{
ϕi, ‖i‖m N,
0, ‖i‖m >N.
Moreover, we let QN = I − PN , where I is the identity map on l2.
Let
t∗ = ln 16 + (λ+K0)t1
λ
, (3.5)
and S∗ = S(t∗). Now we are ready to present the following lemma.
Lemma 2. S∗ : B→ B is α-contraction on B.
Proof. Let u(0), v(0) ∈ B, S(t)u(0) = u(t) = (ui(t))i∈Zk , S(t)v(0) = v(t) = (vi(t))i∈Zk , y(t) = u(t) − v(t). Using
(2.7), (2.8) and (3.3), it follows that
∑
i∈Zk
(
hi(ui)− hi(vi)
)
yi −K0
∑
‖i‖mI1
y2i +
∑
‖i‖m>I1
(
λy2i −
k∑
j=1
(
(Djy)i
)2)
= −(K0 + λ)
∑
‖i‖mI1
y2i + λ‖y‖2 −
k∑
j=1
∑
‖i‖m>I1
(
(Djy)i
)2
, ∀t  t1. (3.6)
By (3.2) and the last inequality, we get
1
2
d
dt
∥∥y(t)∥∥2 + λ∥∥y(t)∥∥2  (K0 + λ) ∑
‖i‖mI1
y2i (t) = (K0 + λ)
∥∥PI1y(t)∥∥2, ∀t  t1.
That is,
d
dt
(
e2λt
∥∥y(t)∥∥2) 2(K0 + λ)e2λt∥∥PI1y(t)∥∥2, ∀t  t1.
If we integrate both sides of the last inequality over [t1, t], where t  t1, then∥∥y(t)∥∥2  e2λ(t1−t)∥∥y(t1)∥∥2 + (K0/λ+ 1) max
s∈[t1,t]
∥∥PI1y(s)∥∥2, ∀t  t1.
Taking into account (3.4), it follows that∥∥y(t)∥∥2  e2(λ+K0)t1−2λt∥∥y(0)∥∥2 + (K0/λ+ 1) max
s∈[t1,t]
∥∥PI1y(s)∥∥2, ∀t  t1.
For t∗ given by (3.5), we obtain∥∥y(t∗)∥∥2  1256
∥∥y(0)∥∥2 + (K0/λ+ 1) max
s∈[t1,t∗]
∥∥PI1y(s)∥∥2,
∥∥y(t∗)∥∥ 1 ∥∥y(0)∥∥+ ρ(u(0), v(0)), (3.7)16
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(
u(0), v(0)
)= (K0/λ+ 1)1/2 max
s∈[t1,t∗]
∥∥PI1y(s)∥∥.
Recalling (3.7), along the lines of Lemma 2.3.6 [22], if we prove that ρ is a precompact pseudometric on B, then S∗
is α-contraction on B. Indeed, we shall apply the Ascoli–Arzelá theorem. Let {un(0)}∞n=1 ⊂ B, and
S(t)un(0) = un(t) = (uni (t))i∈Zk , n = 1,2, . . . .
By (2.9), we get
un(t)⊂ B, ∀t  0, n = 1,2, . . . , (3.8)
and so for t ∈ [t1, t∗], the sequence {PI1un(t)}∞n=1 is uniformly bounded in PI1B ⊂ R(2I1+1)
k
.
From (A3) and (3.8), there exists a constant K2 = K2(B) such that∣∣hi(uni (t))∣∣= ∣∣hi(uni (t))− hi(0)∣∣K2∣∣uni (t)∣∣, ∀i ∈ Zk, t  0, n = 1,2, . . . .
Recalling (2.2), (3.8) and the last inequality, there exists a constant K3 = K3(B) such that∥∥u˙n(t)∥∥ (‖A‖O +K2)∥∥un(t)∥∥+ ‖g‖K3, ∀t > 0, n = 1,2, . . . .
In such a case, using the mean value theorem, we obtain
∥∥PI1(un(s)− un(t))∥∥=
( ∑
‖i‖mI1
(
uni (s)− uni (t)
)2)1/2
 (2I1 + 1)k/2K3|s − t |, ∀s, t ∈ [t1, t∗], n = 1,2, . . . .
Therefore, by Ascoli–Arzelá theorem there is a subsequence of {PI1un}∞n=1 that is convergent in the space
C([t1, t∗],PI1B) and this is a Cauchy sequence with respect to ρ. 
Lemma 3. S∗ : B→ B satisfies the discrete squeezing property on B.
Proof. Consider a smooth increasing function θ ∈ C1(R+,R) such that⎧⎨
⎩
θ(s) = 0, 0 s  1,
0 θ(s) 1, 1 < s < 2,
θ(s) = 1, 2 s,
and there exists a constant M0 such that |θ ′(s)|M0, ∀s ∈ R+.
Let u(0), v(0) ∈ B, S(t)u(0) = u(t) = (ui(t))i∈Zk , S(t)v(0) = v(t) = (vi(t))i∈Zk , y(t) = u(t) − v(t). For each
i ∈ Zk , let wi = θ( ‖i‖mM1 )yi , w = (wi)i∈Zk , where M1 is a positive integer such that
M1 = max
{
I1,
1024kM0m20c
2
0
λ+K0 e
2K0t∗
}
. (3.9)
Taking the inner product of (3.1) with w, it follows that
∑
i∈Zk
1
2
θ
(‖i‖m
M1
)
d
dt
y2i +
k∑
j=1
〈Djy,Djw〉 +
〈
h(u)− h(v),w〉= 0. (3.10)
If we apply the same method used to get inequality (31) of [28], we obtain
〈Djy,Djw〉 =
∑
i∈Zk
θ
(‖i‖m
M1
)
(Djy)
2
i +
∑
i∈Zk
(Djy)i
(
(Djw)i − θ
(‖i‖m
M1
)
(Djy)i
)

∑
k
θ
(‖i‖m
M1
)
(Djy)
2
i −
4M0m20c
2
0
M1
‖y‖2, ∀j = 1,2, . . . , k, t  0. (3.11)i∈Z
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〈
h(u)− h(v),w〉−K0 ∑
‖i‖mI1
θ
(‖i‖m
M1
)
y2i +
∑
‖i‖m>I1
θ
(‖i‖m
M1
)(
λy2i −
k∑
j=1
(Djy)
2
i
)
=
∑
i∈Zk
θ
(‖i‖m
M1
)(
λy2i −
k∑
j=1
(Djy)
2
i
)
, ∀t  t1. (3.12)
From (3.10)–(3.12), we get
∑
i∈Zk
θ
(‖i‖m
M1
)(
1
2
d
dt
y2i + λy2i
)

4kM0m20c
2
0
M1
‖y‖2, ∀t  t1.
In such a case, using (3.4), we find
∑
i∈Zk
θ
(‖i‖m
M1
)(
1
2
d
dt
y2i (t)+ λy2i (t)
)

4kM0m20c
2
0
M1
e2K0t
∥∥y(0)∥∥2, ∀t  t1,
∑
i∈Zk
θ
(‖i‖m
M1
)
d
dt
(
e2λty2i (t)
)

8kM0m20c
2
0
M1
e2(λ+K0)t
∥∥y(0)∥∥2, ∀t  t1.
If we integrate both sides of the last inequality over [t1, t], with t  t1, it follows that∑
i∈Zk
θ
(‖i‖m
M1
)
y2i (t) e2λ(t1−t)
∑
i∈Zk
θ
(‖i‖m
M1
)
y2i (t1)+
4kM0m20c
2
0
M1(λ+K0)e
2K0t
∥∥y(0)∥∥2
 e2λ(t1−t)
∥∥y(t1)∥∥2 + 4kM0m20c20
M1(λ+K0)e
2K0t
∥∥y(0)∥∥2, ∀t  t1.
Again from (3.4), we obtain
∥∥Q2M1y(t)∥∥2 = ∑
‖i‖m>2M1
y2i (t)
∑
i∈Zk
θ
(‖i‖m
M1
)
y2i (t)

(
e2(λ+K0)t1−2λt + 4kM0m
2
0c
2
0
M1(λ+K0)e
2K0t
)∥∥y(0)∥∥2, ∀t  t1.
Recalling t∗ and M1 given by (3.5) and (3.9), respectively, it follows that∥∥Q2M1y(t∗)∥∥2  1128
∥∥y(0)∥∥2,
that is,∥∥Q2M1(S∗u(0)− S∗v(0))∥∥2  1128
∥∥u(0)− v(0)∥∥2.
In such a case using Definition 1 with N = 2M1, if∥∥P2M1(S∗u(0)− S∗v(0))∥∥ ∥∥Q2M1(S∗u(0)− S∗v(0))∥∥,
then ∥∥S∗u(0)− S∗v(0)∥∥2 = ∑
‖i‖m2M1
(
yi(t∗)
)2 + ∑
‖i‖m>2M1
(
yi(t∗)
)2
= ∥∥P2M1(S∗u(0)− S∗v(0))∥∥2 + ∥∥Q2M1(S∗u(0)− S∗v(0))∥∥2
 2
∥∥Q2M1(S∗u(0)− S∗v(0))∥∥2  164
∥∥u(0)− v(0)∥∥2.
The proof is completed. 
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Theorem 2.
(i) In l2, there exists an exponential attractor M∗ for S∗ on B such that the fractal dimension of M∗, namely
dF (M∗), is less than a constant multiple of 4M1K0t∗ andM∗ attracts all elements of B at a uniform exponential
rate, where K0, t∗ and M1 are given by (3.4), (3.5) and (3.9), respectively.
(ii) In l2,M=⋃0tt∗ S(t)M∗ is an exponential attractor for {S(t)}t0 on B and dF (M) dF (M∗)+ 1.
Proof. (i) From Theorem 1 and Lemmas 1–3, we get the result.
(ii) Recalling Lemma 1, the result is a direct consequence of Theorem 3.1 [19]. 
References
[1] A.Y. Abdallah, Asymptotic behavior of the Klein–Gordon–Schrödinger lattice dynamical systems, Comm. Pure Appl. Anal. 5 (2006) 55–69.
[2] A.Y. Abdallah, Upper semicontinuity of the attractor for a second order lattice dynamical system, Discrete Contin. Dyn. Syst. Ser. B 5 (2005)
899–916.
[3] V.S. Afraimovich, V.I. Nekorkin, Chaos of traveling waves in a discrete chain of diffusively coupled maps, Internat. J. Bifur. Chaos Appl. Sci.
Engrg. 4 (1994) 631–637.
[4] J. Bell, Some threshold results for models of myelinated nerves, Math. Biosci. 54 (1981) 181–190.
[5] J. Bell, C. Cosner, Threshold behavior and propagation for nonlinear differential–difference systems motivated by modeling myelinated axons,
Quart. Appl. Math. 42 (1984) 1–14.
[6] P.W. Bates, X. Chen, A. Chmaj, Traveling waves of bistable dynamics of a lattice, SIAM J. Math. Anal. 35 (2003) 520–546.
[7] P.W. Bates, K. Lu, B. Wang, Attractors for lattice dynamical systems, Internat. J. Bifur. Chaos Appl. Sci. Engrg. 11 (2001) 143–153.
[8] T.L. Carrol, L.M. Pecora, Synchronization in chaotic systems, Phys. Rev. Lett. 64 (1990) 821–824.
[9] H. Chate, M. Courbage (Eds.), Lattice Systems, Phys. D 103 (1–4) (1997) 1–612.
[10] S.N. Chow, J. Mallet-Paret, Pattern formation and spatial chaos in lattice dynamical systems: I, IEEE Trans. Circuits Syst. 42 (1995) 746–751.
[11] S.N. Chow, J. Mallet-Paret, W. Shen, Traveling waves in lattice dynamical systems, J. Differential Equations 149 (1998) 248–291.
[12] S.N. Chow, J. Mallet-Paret, E.S. Van Vleck, Pattern formation and spatial chaos in spatially discrete evolution equations, Rand. Comput.
Dyn. 4 (1996) 109–178.
[13] L.O. Chua, T. Roska, The CNN paradigm, IEEE Trans. Circuits Syst. 40 (1993) 147–156.
[14] L.O. Chua, Y. Yang, Cellular neural networks: Theory, IEEE Trans. Circuits Syst. 35 (1988) 1257–1272.
[15] L.O. Chua, Y. Yang, Cellular neural networks: Applications, IEEE Trans. Circuits Syst. 35 (1988) 1273–1290.
[16] L. Dung, B. Nicolaenko, Exponential attractors in Banach spaces, J. Dynam. Differential Equations 13 (2001) 791–806.
[17] A. Eden, C. Foias, V. Kalantarov, A remark on two constructions of exponential attractors for α-contractions, J. Dynam. Differential Equa-
tions 10 (1998) 37–45.
[18] A. Eden, C. Foias, B. Nicolaenko, R. Temam, Ensembles inertiels pour des equations d’evolution dissipatives, C. R. Acad. Sci. Paris Ser. I 310
(1990) 559–562.
[19] A. Eden, C. Foias, B. Nicolaenko, R. Temam, Exponential Attractors for Dissipative Evolution Equations, Res. Appl. Math., vol. 37, Mas-
son/John Wiley Co-publication, Paris, 1994.
[20] M. Efendiev, A. Miranville, S. Zelik, Exponential attractors for a nonlinear reaction–diffusion system in R3, C. R. Acad. Sci. Paris Ser. I 330
(2000) 713–718.
[21] T. Erneux, G. Nicolis, Propagating waves in discrete bistable reaction–diffusion systems, Phys. D 67 (1993) 237–244.
[22] J. Hale, Asymptotic Behavior of Dissipative Systems, Math. Surveys Monogr., vol. 25, Amer. Math. Soc., Providence, RI, 1988.
[23] R. Kapral, Discrete models for chemically reacting systems, J. Math. Chem. 6 (1991) 113–163.
[24] J.P. Keener, Propagation and its failure in coupled systems of discrete excitable cells, SIAM J. Appl. Math. 47 (1987) 556–572.
[25] J.P. Keener, The effects of discrete gap junction coupling on propagation in myocardium, J. Theoret. Biol. 148 (1991) 49–82.
[26] J. Mallet-Paret, S.N. Chow, Pattern formation and spatial chaos in lattice dynamical systems: II, IEEE Trans. Circuits Syst. 42 (1995) 752–756.
[27] S. Zhou, Attractors for second order lattice dynamical systems, J. Differential Equations 179 (2002) 605–624.
[28] S. Zhou, Attractors for first order dissipative lattice dynamical systems, Phys. D 178 (2003) 51–61.
[29] S. Zhou, Attractors and approximations for lattice dynamical systems, J. Differential Equations 200 (2004) 342–368.
[30] B. Zinner, Existence of traveling wavefront solutions for the discrete Nagumo equation, J. Differential Equations 96 (1992) 1–27.
